Abstract For the canonical heat kernels p t .x; y/ associated with Dirichlet forms on post-critically finite self-similar fractals, e.g. the transition densities (heat kernels) of Brownian motion on affine nested fractals, the non-existence of the limit lim t#0 t d s =2 p t .x; x/ is established for a "generic" (in particular, almost every) point x, where d s denotes the spectral dimension. Furthermore the same is proved for any point x in the case of the d -dimensional standard Sierpinski gasket with d 2 and the N -polygasket with N 3 odd, e.g. the pentagasket (N D 5) and the heptagasket (N D 7).
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(1.1) for t 2 .0; 1; here c 1 ; c 2 2 .0; 1/ are some constants, d s WD 2 log 5 3 and d w WD log 2 5 are called the spectral dimension and the walk dimension of the Sierpinski gasket, respectively, and is the shortest path metric in the gasket which is easily seen to be equivalent to the Euclidean metric. In particular, for any point x of the Sierpinski gasket we have We can consider the same problem for a class of finitely ramified self-similar fractals, called affine nested fractals. (See Section 4 for their definition; typical examples of affine nested fractals are shown in Fig. 2 , and see Fig. 3 , 4 and 5 below for further examples.) By the results of Fitzsimmons, Hambly and Kumagai [8] , an affine nested fractal K admits a canonical Brownian motion on it, and the associated (jointly continuous) transition density p t .x; y/ satisfies the two-sided sub-Gaussian bound (1.1) with certain d s and d w and a suitably constructed geodesic metric on K. In particular, the on-diagonal estimate (1.2) holds for any x 2 K, and then it is natural to ask whether the limit lim t#0 t d s =2 p t .x; x/ exists or not. We address this question in the present article, and the following theorem summarizes our main results. Recall that a self-similar measure on K is defined as the image of a Bernoulli On-diagonal oscillation of heat kernels on p.c.f. fractals (1) is true for any choice of a self-similar diffusion on K (to be more precise, of a regular harmonic structure on K) that is invariant under certain symmetries of K, whereas Theorem 1.2-(2),(3) concern only the case where all cells have the same resistance scaling factor. See Sections 4 and 6 for details.
Under a slightly more general framework than in Theorem 1.2-(1), Barlow and Kigami [2] have proved a similar oscillation in the asymptotic behavior of the eigenvalues of the associated Laplacian. The heart of their argument is to construct a prelocalized eigenfunction of the Laplacian (i.e. an eigenfunction of the Laplacian which satisfies both Neumann and Dirichlet boundary conditions on V 0 ), based only on the symmetry of the fractal and the Laplacian. We prove Theorem 1.2-(1) by modifying their argument to construct a pre-localized eigenfunction which is non-zero at a given specific point, and the construction is again based only on the symmetry.
Notation. In this paper, we adopt the following notation and conventions.
(1) N D ¹1; 2; 3; : : : º, i.e. 0 6 2 N. (2) The cardinality (the number of elements) of a set A is denoted by #A. (3) We set sup ; WD 0, inf ; WD 1 and 0 0 WD 1. All functions in this paper are assumed to be R-valued.
d is always equipped with the Euclidean norm j j, and O.d / denotes the d -dimensional real orthogonal group. For g 2 O.d /, det g denotes its determinant.
(5) Let E be a topological space. The Borel -field of E is denoted by B.E/. We set C.E/ WD ¹u j u W E ! R; u is continuousº and kuk 1 WD sup x2E ju.x/j, u 2 C.E/. For A E, its interior in the topology of E is denoted by int E A. If is a metric on E, we set dist .x; A/ WD inf y2A .x; y/ for x 2 E and A E.
Preliminaries
In this section, we first introduce our framework of a self-similar set and a Dirichlet form on it, and then present preliminary facts.
Let us start with the standard notions concerning self-similar sets. We refer to [18, Chapter 1] for details. Throughout this paper, we fix a compact metrizable topological space K, a finite set S with #S 2 and a continuous injective map
Also we arbitrarily take a metric on K compatible with the topology of K and fix it throughout this paper. 
: : j ! i 2 S for i 2 Nº, which is always equipped with the product topology, and define the shift map W † ! † by .! 1 ! 2 ! 3 : : : / WD ! 2 ! 3 ! 4 : : : . For i 2 S we define i W † ! † by i .! 1 ! 2 ! 3 : : : / WD i! 1 ! 2 ! 3 : : :
Definition 2.2. L is called a self-similar structure if and only if there exists a continuous surjective map W † ! K such that F i ı D ı i for any i 2 S. Note that such , if exists, is unique and satisfies
In what follows we always assume that L is a self-similar structure.
Definition 2.3.
(1) We define the critical set C and the post-critical set P of L by
L is called post-critically finite, or p.c.f. for short, if and only if P is a finite set.
V 0 should be considered as the "boundary" of the self-similar set K; recall that From now on our self-similar structure L D .K; S; ¹F i º i 2S / is always assumed to be post-critically finite with K connected, so that #V 0 2 and V is dense in K.
Next we briefly describe the construction of a Dirichlet form on K; see [18, Chapter 3] for details. Let D D .D pq / p;q2V 0 be a real symmetric matrix of size #V 0 (which we also regard as a linear operator on R V 0 ) such that .m/ .uj V m ; uj V m /º m2N[¹0º is non-decreasing and hence has the limit in OE0; 1 for any u 2 C.K/. Then we define
so that .E; F/ possesses the following self-similarity: for any u; v 2 F,
By [18, Theorem 3.3.4] , .E; F/ is a resistance form on K whose resistance metric R W K K ! OE0; 1/ is compatible with the original topology of K, and then [20, Corollary 6.4 Remark 2.6. The power 1=d H in the exponential in the right-hand side of (2.8) is not best possible in general. Under the same framework, Hambly and Kumagai [16] have obtained a sharp two-sided estimate of p t .x; y/. Finally we relate the non-existence of the limit lim t#0 t d s =2 p t .x; x/ to properties of eigenvalues and eigenfunctions of the Laplacian. Let be the non-positive self-adjoint operator ("Laplacian") associated with the Dirichlet form .E; F/ on L 2 .K; / and let DOE be its domain. Recall that DOE F and that for u 2 F and f 2 L 2 .K; /,
Lemma 2.7. Let U be a non-empty open subset of K and set
(2.10) Let ¹' n º n2N be a complete orthonormal system of L 2 .K; / such that for each n 2 N, ' n is an eigenfunction of , i.e. ' n 2 DOE and ' n D n ' n for some n 2 R. Such ¹' n º n2N exists since has compact resolvent by [20, Lemma 9.7] , and then necessarily ¹ n º n2N OE0; 1/ and lim n!1 n D 1. Therefore without loss of generality we assume that ¹ n º n2N is non-decreasing, and note that 1 D 0 < 2 .
Lemma 2.9. Let x 2 K. Then the limit lim t#0 t d s =2 p t .x; x/ exists if and only if so does the limit
Proof. [20, Proof of Lemma 10.7] tells us that
where the series is uniformly absolutely convergent on OET; 1/ K K for any
/ for any t 2 .0; 1/ by (2.12), and the assertion follows by Karamata's Tauberian theorem [7, p. 445, Theorem 2]; note that (2.6) and [14, Theorem 1] 
Proof. Let x 2 K satisfy (2.13), and for 2 R let N x . / be as in the previous proof. Then since lim sup
the limit (2.11) cannot exist and hence neither does the limit lim t#0 t d s =2 p t .x; x/ by Lemma 2.9. Lemma 2.10 will play fundamental roles in the proofs of our main results below.
On-diagonal oscillation of heat kernels on p.c.f. fractals 9 3 Symmetry group and oscillation at "generic" points Throughout this section and the next, we follow the framework described in the previous section. Namely, L D .K; S; ¹F i º i 2S / is a post-critically finite self-similar structure with K connected and #S 2, .D; r D .r i / i 2S / is a regular harmonic structure on L, and is the self-similar measure on K with weight .r d H i / i 2S . Also, .E; F/ is the resistance form on K associated with .D; r/ as in (2.3), R W K K ! OE0; 1/ is the resistance metric of .E; F/, and p D p t .x; y/ W .0; 1/ K K ! OE0; 1/ is the heat kernel of .K; ; E; F/.
In this section, we establish the non-existence of the limit lim t#0 t d s =2 p t .x; x/ for a "generic" point x 2 K under the assumption of a certain symmetry of .K; ; E; F/, following closely the arguments in [ 
which is independent of a particular choice of the metric on K.
Then we have the following easy proposition. Note that any Borel measure on K vanishing on V is of the form ı 1 with a Borel measure on †, since 
Proof. Since Z is closed and ı 1 .K n Z/ > 0, we can choose " 2 .0; 1/ so that The following definition is fundamental for the arguments of this section.
which clearly forms a subgroup of the group of homeomorphisms of K.
(2) For a finite subgroup G of G and h 2 G, we define S.G; h/ and S .G; h/ by
In the situation of Definition 3. does not exist for any x 2 K n S .G; h/. If in addition the limit lim t#0 t d s =2 p t .x; x/ does not exist for any x 2 S.G; h/ n V 0 , then neither does it for any x 2 K n V .
In view of V S .G; h/, Theorem 3.4 tells us nothing about the non-existence of the limit lim t#0 t d s =2 p t .x; x/ for x 2 V , which we will establish in Section 6 below in the case of certain examples such as Sierpinski gaskets and polygaskets.
The rest of this section is devoted to the proof of Theorem 3.4. The essential part is the proof of the following two lemmas.
Proof. We follow [18, Proof of Theorem 4.4.4]. We define R G ; R G;h ; R G;h by
K; /, and R G;h u; R G;h v 2 F and E.R G;h u; v/ D E.u; R G;h v/ for any u; v 2 F. Moreover for u 2 C.K/ and q 2 V 0 , h 1 .q/ D g 1 .q/ for some g 2 G and hence
Gº is finite and does not contain h.x/, we can choose u 2 F KnV 0 so that u 0, u.h.x// D 1 and 
for n 2 N, we see from [20, (3.1) ] that ku u n k
.#G/ 1 , and it follows that R G;h ' 0 j .x/ 6 D 0 for some j 2 N. Now by using R G;h .F/ F KnV 0 and (2.10) for .E KnV 0 ; F KnV 0 / we can easily verify that N. Let k 2 N be large enough so that R. . 
where
3) and (2.4), it follows from (3.6), (3.7) and (3.8) that for any t 2 .0; 
in view of which the limit lim t#0 t d s =2 p t .x; x/ cannot exist since
We also need the following easy lemma. m .!/; P/ D 0, where ı is a metric on † compatible with the product topology of †. Since P is finite and .P/ P, there exist n 2 N and w k ; v k 2 W n for k 2 ¹1; : : : ; #Pº such that P D ¹w k v 1 k j k 2 ¹1; : : : ; #Pºº, where wv 1 WD wvvv : : : 2 † for w; v 2 W n in the natural manner. Take " 2 .0; 1/ such that OE 3n D OEÄ 3n for any ; Ä 2 † with ı. ; Ä/ < ", and choose N 2 N so that dist ı .
mn .!/; P/ < " for any m N . Then for each m N , ı.
mn .!/; w k m v 1 k m / < " for some k m 2 ¹1; : : : ; #Pº, hence
, and it turns out that 
, and (2.3) and (2.4) easily imply that ' x;k is an eigenfunction of with eigenvalue =r
the limit lim t#0 t d s =2 p t .x; x/ does not exist by Lemma 2.10. For the proof of the second assertion let x 2 S .G; h/ n V and ! 2
1 .x/. By Lemma 3.7 we have lim sup m!1 dist . . m .!//; V 0 / > 0, which together with the compactness of K yields y 2 K n V 0 such that lim inf m!1 . . 
The case of affine nested fractals
In this section, we recall the definition of affine nested fractals and show that Theorem 3.4 is applicable to them. Throughout this section, we follow the same framework and notation as in the previous section, and furthermore we assume the following: n , from which the first assertion is immediate.
Next let Proof. Set G 1 j K WD ¹gj K j g 2 G 1 º and let h 2 G 0 n G 1 . Then by the assumption and Lemma 4.1,
Moreover, g y´gx´. x/ D y and g y´gx´2 G 1 for any distinct x; y;´2 V 0 and therefore ¹g.q/ j g 2 G 1 j K º D V 0 for q 2 V 0 . Now the assertions follow from Theorem 3.4. Next we recall the definition of affine nested fractals and apply Theorem 4.3 to them.
L is called an affine nested fractal if and only if it is post-critically finite, K is connected and g xy j K 2 G s for any x; y 2 V 0 with x 6 D y. .´ 1/. Let K be the self-similar set associated with ¹f i º i2S , i.e. the unique non-empty compact subset of ; r; r . Then .D; r/ is clearly a regular harmonic structure on L, and similarly to the proof of Theorem 4.5 we can verify gj K ; hj K 
x; x/ does not exist for any x 2 K n S .¹id K º; hj K /.
Examples
In this section, we apply Theorems 3.4 and 4.5 to basic examples. Note that by [18, Theorem 1.6.2] , if L D .K; S; ¹F i º i 2S / is a self-similar structure, then K is connected if and only if any i; j 2 S admit n 2 N and ¹i k º n kD0
S with i 0 D i and i n D j such that K i k 1 \ K i k 6 D ; for any k 2 ¹1; : : : ; nº. Recall that, given a post-critically finite self-similar structure L D .K; S; ¹F i º i 2S / with K connected and a regular harmonic structure .D; r D .r i / i 2S / on L, we always equip K with the self-similar measure on K with weight .r 
Let K be the self-similar set associated with ¹f i º i 2S and set Fig. 4 below) . This is an affine nested fractal satisfying (4.5), and we have P D ¹i For this example, the assumptions of Theorem 4.5 are clearly satisfied and hence the non-existence of the limit lim t#0 t d s =2 p t .x; x/ is assured for any x 2 K n S . In fact, since the d -dimensional level-l Sierpinski gasket possesses a quite large group of symmetries, we can conclude a slightly stronger result as follows. Proof. For each I ¹0; : : : ; d º with #I D 3, we define h I WD g q i q j j K and G I WD ¹id K ; g q i q k g q i q j j K ; g q i q j g q i q k j K º, where I D ¹i; j; kº, i < j < k, so that G I is a subgroup of G and h I 2 G n G I . Theorem 3.4 implies that the limit lim t#0 t d s =2 p t .x; x/ does not exist for any x 2 K n S .G I ; h I /, which yields the first assertion since 
.q k q 0 / 2 O S n V , whereas we easily see O S V when l D 2. This fact will be used in the next section to show that the limit lim t#0 t d s =2 p t .x; x/ does not exist for any x 2 K when l D 2.
Polygaskets
Example 5.3 (N -polygasket). Let N 2 N satisfy N 3 and N=4 6 2 N. Let S WD ¹0; 1; : : : ; N 1º, and for each i 2 S we set q i WD e
The self-similar structure L D .K; S; ¹F i º i 2S /, with K the self-similar set associated with ¹f i º i2S and F i WD f i j K , is called the N -polygasket. The 3-polygasket is nothing but the (two-dimensional standard) Sierpinski gasket, and the N -polygasket for N D 5; 6; 7; 9 ( Fig. 5) is called the pentagasket, hexagasket, heptagasket and nonagasket, respectively. Again L is an affine nested fractal satisfying (4.5), and it holds that P D ¹i
Remark 5.4. The N -polygasket is suitably defined also for N 2 N with N=4 2 N, but then it satisfies #V 0 D 1, which is why we have excluded this case in this paper.
In fact, Example 5.3 is a special case of the following example adopted from [5] . 
or ! D . Let K WD †= be equipped with the quotient topology and let W † ! K be the quotient map. For i 2 S, since i! i whenever !; 2 † and ! , we can define a continuous injective map
We further define P and V 0 as in Definition 2.3.
, and 1 .K w n F w .V 0 // D † w n w .P/ for any w 2 W . By using these facts, we easily see that K is a compact metrizable topological space and hence that L WD .K; S; ¹F i º i 2S / is a post-critically finite self-similar structure with K connected. We call L the .N; l/-polygasket. and thus .D; r/ is a regular harmonic structure on L. Then we also have O G G.
Theorem 3.4 clearly applies to this example to yield the non-existence of the limit lim t#0 t d s =2 p t .x; x/ for any x 2 K n S .G; h/. We remark that S.G; h/ V if and only if N is odd, which will be used in the next section to show that the limit lim t#0 t d s =2 p t .x; x/ does not exist for any x 2 K when N is odd. Note that for N 2 N with N 3 and N=4 6 2 N, the N -polygasket is nothing but the .N; dN=4e/-polygasket, where dae WD min¹n 2 Z j n aº, and that we have G s D O G, S D S.G; h/ and S D S .G; h/ in this case.
Further results for Sierpinski gaskets and polygaskets
The purpose of this section is to prove the following theorem. for i 2 S D ¹0; 1; : : : ; N 1º. Then we can easily show the non-existence of the limit lim t#0 t d s =2 p t .q 0 ; q 0 / by applying Lemma 2.10 to
where ' is the eigenfunction of given in Lemma 6.6, in exactly the same way as in the previous case of the d -dimensional level-l Sierpinski gasket.
